RIGIDITY PROPERTIES OF ANOSOV OPTICAL 
HYPERSURFACES 



NURLAN S. DAIRBEKOV AND GABRIEL P. PATERNAIN 

Abstract. We consider an optical hypersurface E in the cotangent bundle r : 
T*M M oi a, closed manifold M endowed with a twisted symplectic structure. 
We show that if the characteristic foliation of E is Anosov, then a smooth 1-form 
on M is exact if and only t*9 has zero integral over every closed characteristic 
of E. This result is derived from a related theorem about magnetic flows which 
generalizes our work in [7|. Other rigidity issues are also discussed. 



1. Introduction 

Let M be a closed connected n-manifold and let r : T*M — > M be its cotangent 
bundle. Given an arbitrary smooth closed 2-form VL on M, we consider T*M endowed 
with the twisted symplectic structure 

ijj := —d\ + r*f2, 

where A is the Liouville 1-form.^ 

A smooth, closed, connected, fiberwise strictly convex hypersurface S C T*X is 
called optical? Fiberwise strict convexity means that S intersects each fiber T*X 
along a hypersurface whose second fundamental form is positive definite. Denote by 
a the characteristic foliation of S, i.e., the 1-dimensional foliation tangent to the 
kernel of ijj\ty,- Note that a is orientable. 

We shall say that an optical hypersurface S C T*M is Anosov (or hyperbolic) if 
the characteristic foliation admits a (non-vanishing) tangent vector field whose fiow 
is Anosov. Since the fiows of two such vector fields are reparametrizations of one 
another, the property of being Anosov is independent of the chosen vector field (cf. 
PP) and is a property of S. 

In the present paper we shall study various rigidity properties of Anosov opti- 
cal hypersurfaces on cotangent bundles equipped with twisted symplectic structures. 
These properties are motivated by recent results that we obtained for two dimensional 
magnetic fiows [7]. 

Here is one of our main results: 

Theorem A. Let S C T*M be an Anosov optical hypersurface, where T*M is en- 
dowed with a twisted symplectic structure — dA + t*Q. Let 6 be a smooth 1-form on 



^Hence, we use the convention that the Hamiltonian vector field of a Hamiltonian H is 
determined by ixn^ — '^H . 

^For the origins of the term optical see j2| Section 9] . 
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M . Then 9 is exact if and only if 



T*0 = 



for every closed characteristic T of a. 

If the closed 2-form Q determines an integral class, we can introduce the notion of 
action spectrum as follows. Suppose [fl] G H'^{M^7j). Then there exists a principal 
circle bundle 11 : P — > M with Euler class [fi]. The bundle admits a connection 
1-form a such that da = —2TrIl*Q. Let log hole : Zi{M) R/Z, be the logarithm 
of the holonomy of the connection a. Here, Zi{M) is the space of 1-cycles and for 
every 2-chain / : S ^ M we have 



We call the set S C M/Z of values A{r) as F ranges over all (oriented) closed charac- 
teristics, the action spectrum of S. 

If Q does not determine an integral class, but there exists c 7^ such that [cQ] G 
if^(M, Z) we can still define the action spectrum by considering -Rc(S) and —dX + 
CT*Q, where Rc{x,p) := {x,cp). The characteristic foliations of (S, —dX + t*Q) and 
(i?c(S), —dX + CT*Q) are conjugate by Re- 

Suppose now that we vary the connection 1-form a. Let be a smooth 1-parameter 
family of connections for r G {~6,e) with ao = a Then we can write ar — a = 
n*/3r, where jSr are smooth 1-forms on M. The connection ar has curvature form 
—27ifl + dPr- If we let fir = ^ — ^d(3r we get a characteristic foliation and an 
action spectrum Sr- If the characteristic foliation a is Anosov, then for e small enough 
is Anosov for all r G (— e, e). 

Corollary 1. Let M he a closed connected manifold and let H G T* M he an optical 
hypersurface. Let Q be a closed integral 2-form and suppose that (S, —dX + t*Q) is 
Anosov. If Sr = S for all r sufficiently small, then the deformation is trivial, that is, 
Or = a + Il*dFr and Qr = ^, where Fr are smooth functions on M. 

The proof of Corollary 1 is very similar to that of Theorem C in [7j and hence we 
omit it. 

Theorem A will be a consequence of the following result. Let M be a closed 
connected manifold endowed with a Finsler metric F. The Legendre transform ip '■ 
TM \ {0} T*M \ {0} associated with the Lagrangian is a diffeomorphism 
and ujq := i*p{—dX) defines a symplectic form on TM \ {0}. Now let f2 be a smooth 
closed 2-form on M and vr : TM —>■ M the canonical projection. The magnetic flow of 
the pair (F, Q) is the Hamiltonian flow (f> of with respect to the symplectic form 
ujq + TT*Q. We shall consider (j) restricted to the unit sphere bundle SM := F~^{1). 
A curve 7 : M — > M given by 'y{t) = '7r(0((x, f)) will be called a magnetic geodesic. 





We define the action of an oriented closed characteristic T as: 
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Theorem B. Let {M,F) be a closed connected Finsler manifold and Q an arbitrary 
smooth closed 2-form. Suppose the magnetic flow (p of the pair {F, Q) is Anosov and 
let Gm be the vector field generating 0. 

If h : M ^ M. is any smooth function and 9 is any smooth 1-form on M such that 
there is a smooth function u : SM M for which h{x) + O^iy) = Gm{u), then h is 
identically zero and 9 is exact. 

Note that by the smooth Livsic theorem jT2] saying that h{x) + Oxiy) = Gm{u) is 
equivalent to saying that h{x) + Ox{v) has zero integral over every closed magnetic 



Various versions of Theorem B were previously known: 

(1) V. Guillemin and D. Kazhdan in |Sj proved Theorem B for M a surface, 
r2 = and F a negatively curved Riemannian metric. In jHj they extended 
this to higher dimensional manifolds under a pointwise curvature pinching 
assumption and Min-Oo ^3] proved it when the curvature operator is negative 
definite. All these results were based on Fourier analysis. 

(2) A major breakthrough was obtained by C. Croke and V. Sharafutdinov j3] 
in which results like Theorem B were proved just assuming negative sectional 
curvature and in any dimension. The novel ingredient here was the Pestov 
identity. 

(3) In [Hj, Dairbekov and Sharafutdinov proved Theorem B, just assuming that 
the geodesic flow of the Riemannian metric is Anosov. 

(4) In [7j, the authors proved Theorem B when M is a surface and F is a Rie- 
mannian metric, but Q is arbitrary. 

We now describe some applications of these results. 

1.1. Infinitesimal spectral rigidity. Corollary 1 and the results of V. Guillemin 
and A. Uribe in [TOj give a version of infinitesimal spectral rigidity for magnetic 
flows. This version was obtained in (7| for the case of surfaces. Suppose is a 
closed integral 2-form and g a Riemannian metric. For every positive integer m, let 
Lm be the Hermitian line bundle with connection over M associated with 11 via the 
character e*^ i— > e*™^ of S^. The metric on M, together with the connection on 
determine a Bochner-Laplace operator acting on sections of L^. For each m, let 
{^m,j '■ J = 1; 2, . . . } be the spectrum of this operator. If we now vary the connection 
1-form a as above we obtain eigenvalues 

Corollary 2. Let M be a closed connected manifold endowed with a Riemannian 
metric g and let Q be an integral 2-form. Suppose the magnetic flow of the pair 
(g,^) is Anosov. If i^^j ^■^ independent of r for all m and j {i.e. the deformation 
is is spectral) , then the deformation is trivial, that is, ar = a + Il*dFr and Qr = ^, 
where F^ are smooth functions on M . 

Indeed, let us consider the periodic distribution 



geodesic. 
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where cp is a. Schwartz function on the real hne. Theorem 6.9 in [TD] asserts that 
the singularities of T are included in the set of all s G M for which s/27rmodl G 
S. Moreover, each point of the action spectrum arises as a singularity of T for an 
appropriate choice of ip. Corollary 2 is now an immediate consequence of Corollary 
1. 

There is an equivalent way of formulating Corollary 2 in purely Riemannian terms 
using the Kaluza-Klein metric. Consider on P the metric qkk defined uniquely by the 
following conditions: the restriction of dU. to the horizontal subspace of the connection 
a is an isometry, vertical and horizontal subspaces are orthogonal and the vector field 
8/ 89 tangent to the fibres has norm one. If we vary the connection a as above we 
obtain a 1-parameter family of Kaluza-Klein metrics g^^Ki ^ ^ {~^)^)- Consider the 
usual Laplacian of these metrics. Corollary 2 could be rephrased by saying that 
if the spectrum of A^^^ remains unchanged, then the deformation is trivial. In fact, 
the eigenvalues \m,j of ^kk restricted to the (— m)-eigenspace of —i8/86 are related 
to z/m,j by Xm,j = i^m,j + fn"^ , cf. [ini Section 6]. 

1.2. Regularity of the Anosov splitting. Theorem B can be used for the study 
of the regularity of the Anosov splitting of magnetic flows. In fact, in dimension two 
this problem is completely solved in the Riemannian setting in [7j and is one of the 
main motivations of this paper. Here we show: 

Theorem C. Let M be a closed connected manifold endowed with a Finsler metric 
F and let Q be an exact 2-form. Suppose that the magnetic flow of the pair {F, Q) 
is Anosov. If the Anosov splitting of (p is of class , then f2 must vanish, i.e., the 
magnetic flow is a Finsler geodesic flow. 

Theorem C was proved in ^H); when F is a Riemannian metric, using Aubry-Mather 
theory. The proof in ^H] cannot be extended to include arbitrary (non-reversible) 
Finsler metrics, since it uses the invariance of the Riemannian metric under the flip 
(x, v) ^ (x, —v). 

1.3. Sketch of the proof of Theorem B. Perhaps the most important element in 
the proof is the Pestov identity in our setting. This comes in two flavours. We first 
obtain a scalar identity (cf. Lemma [3. II in dimension two and Lemma in arbitrary 
dimension). When this identity is manipulated and integrated with respect to the 
Liouville measure fi of SM it gives rise to our key integral identity: 

(1) / {|X(V^i)P - (R,(Vm), Vm) - L{Y{y),Vuyu) - (V(X^z), r(V^i)) 

J SM 

- 2{Y{y), Vuf + {Vu, Y{Vu)) + {V\iyu)Y{y), V n)} d/i 

= / {|V(Xu)|2 -n(XM)2}ci/i. 

J SM 

Of course, this formula needs explaining and we shall fully do so in Sections 3 and 4, 
but for the purpose of this sketch it suffices to note the following points: 
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(1) M is a smooth positively homogeneous function of degree zero on TM \ {0}; 

(2) X is a suitable vector field on TM \ {0} whose restriction to SM coincides 
with Gj\/; 

(3) the various derivatives that appear in the formula are all obtained using the 
Chern connection of the Finsler metric and are explained in detail in Section 
4; 

(4) V m vanishes if and only if u is the pull back of a function on M; 

(5) inner products and norms are all taken with respect to the fundamental tensor 
in Finsler geometry: 

gij{x,y) = ^[F\yj{x,y); 

(6) R and L are respectively the Riemann curvature operator and the Lands- 
berg tensor from Finsler geometry; Y is the Lorentz force associated with the 
magnetic field; 

(7) n is the dimension of M. 

We may regard the identity as a kind of "dynamical Weitzenbock formula" . Suppose 
now that Gm(m) = h o n + 9 and extend m to a positively homogeneous function of 
degree zero on TM \ {0} (still denoted by u). Then X(m) = Fh o n + 6 and it is not 
hard to see (cf. Lemma 031 that the right hand side of (Q) is non-positive and thus 

/ {\X{Vu)\^~{Ry{Vu),Vu)-L{Y{y),Vu,Vu) - (V(X^i), F(Viz)) 

JSM 

- 2{Y{y), Vuy + {V-u, Y{Vu)) + {V\^vu)Y{y), Vu) } rf/i < 0. 

It is at this point that we need a new ingredient. We will note that the left hand 
side of the last inequality is closely related to an analogue of the classical index form 
in Riemannian geometry. Bilinear forms of this type already appeared in and 
were very useful for the study of derivatives of topological entropy. This time the 
form that we need is a sharper version of the one that appears in [THj. The key 
point is that the Anosov property, via the abscence of conjugate points established 
in ^71 (see |3] for a proof using the asymptotic Maslov index), will imply that 
when we integrate the expression inside the brackets in the last inequality along every 
closed magnetic geodesic the outcome should be non-negative and zero if and only if 
Vu vanishes along every closed magnetic geodesic. When we combine this fact with 
the recent non-negative Livsic theorem [T^ 1^ we deduce that V u must vanish over 
every closed magnetic geodesic and thus it must be identically zero on TM \ {0}. 
This means that m = / o tt where / is a smooth function on M. But in this case, 
since d7i(^x,v){GM) = f we have Gm{u) = dfx{v) and Theorem B follows. 

A considerable part of the paper will be devoted to the proof of the integral formula 
This necessitates the language and formalism of Finsler geometry which makes 
the derivation of the formula a bit cumbersome. To help the reader, we have included 
a brief section in which we prove the integral formula in dimension two. This easier 



6 



N.S. DAIRBEKOV AND G.P. PATERNAIN 



case still shows some of the main features and it can be read independently of the 
other sections. 

2. Theorem B implies Theorem A 
Let us explain why Theorem B implies Theorem A. 

Suppose S C T*M is an optical hypersurface which encloses an open region U in 
T*M. Let '■= S r\T*M which is a strictly convex hypersurface in the vector space 
T*M which encloses Ux '■= Ur\T*M. Consider an auxiliar smooth Riemannian metric 
g on T : T*M — ^ M, that is, for each x G M, is an inner product in T*M. For 
each X G M, the inner product g^ gives rise to a volume form Wx in T*M. Consider 
the barycenter of U^, i.e., 

Px ■— n 

The map x ^ (3^ can be seen as a smooth 1-form and by strict convexity f3x ^ Ux for 
all X e M. 

Consider the map B : T*M — > T*M given by B{x,p) = {x,p — (3x)- It is easy to 
check that B*{X) =\-t*(3 and that B*{T*n) = r*fi. Hence if we let h := n + dp, 
S is a symplectomorphism between (T*M, —dX + t*Q) and (T*M, —dX + t*Q). Now 
set S := -B(S) and observe that S is optical and contains the zero section of T*M. 
Also note that 

j T*e = o 

for all r of 0" if and only if 

for all r of a. Thus, without loss of generality, we may assume that S contains the 
zero section of T*M. But in that case we can define a Finsler metric F on M using 
homogeneity and declaring that S corresponds to the unit cosphere bundle of F. The 
hypothesis in Theorem A tells us that 

^ = 

for every closed magnetic geodesic 7 of {F,Q). The smooth Livsic theorem [T^ and 
Theorem B imply that 6 must be exact. 

3. Proof of Theorem B for surfaces 

3.1. Canonical coframing. Let M be a closed oriented connected surface. A smooth 
Finsler structure on M is a smooth hypersurface SM C TM for which the canonical 
projection tt : SM ^ M is a surjective submersion having the property that for each 
X G M, the TT-fibre Tr~^{x) = SM fl TxM is a smooth, closed, strictly convex curve 
enclosing the origin G TxM. 
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Given such a structure it is possible to define a canonical coframing (tui, ti;2, "-^s) on 
SM that satisfies the following structural equations (see [HI Chapter 4]): 

(2) duji = -UJ2 A co-a, 

(3) duj2 = -003 A {iOi - IUJ2), 

(4) dus = —{Kui — JuJs) A UJ2. 

where J, K and J are smooth functions on SM. The function / is called the main 
scalar of the structure. When the Finsler structure is Riemannain, K is the Gaussian 
curvature. 

The form ui is the canonical contact form of SM whose Reeb vector field is the 
geodesic vector field X. The volume form ui A dui gives rise to the Liouville measure 
d/x of SM. 

Consider the vector fields (X, H, V) dual to (cui, UJ2, ujs). As a consequence of (I2H1I) 
they satisfy the commutation relations 

(5) [V, X] = H, [H, V]=X + IH + JV, [X, H] = KV. 

Below we will use the following general fact. Let X be a closed oriented manifold 
and a volume form. Let X be a vector field on N and / : X ^ M a smooth 
function. Then 

(6) / X(/)e = - / fLxQ, 

J N J N 

where LxQ is the Lie derivative of B along X. 

Now let G := cui A ci;2 A cjs. Using the commutation relations we obtain: 



(7) LxQ = 0; 

(8) Lh& = -J&; 

(9) Lv& = ie. 

3.2. Identities. Let f2 be a 2-form on M. An important observation is this: 7i*Q = 
AtUi A UJ2, where A : SM ^ R is a function such that 

V{X) = -XI. 

This relation is obtained using the structure equations in d{\uJi A 002) = 0. The 
magnetic vector field is 

Gm=X + XV. 

The brackets are now: 
(10) 

[V,Gm] = H-XIV, [H,V] = Gm + IH+{J-X)V, [Gm,H] =KV-XGm~\IH, 

where K := K - H{X) + X^ - XJ. 

Using these brackets we obtain as in |7j Lemma 3.1]: 
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Lemma 3.1 (The Pestov identity). For every smooth function u : SM ^ we have 
2Hu ■ VGmu = {Gmu^ + {Huf - KiVuf + Gm{Hu ■ Vu) 

- H{Gmu ■ Vu) + V{Gmu ■ Hu) + Gmu ■ {IHu + JVu). 

We omit the proof which is (once you know the formula!) a straightforward verifi- 
cation using the bracket relations. 

Integrating Pestov's identity over SM against the Liouville measure dfi and using 
© and (OEl) we obtain: 

(11) 2 / Hu-VGMudii= I {GMufdn+ I {Huf dfi - / K{Vuf dfx. 

JsM JsM J SM J SM 

By the commutation relations, we have 

GmVu = VGmu -Hu + XIVu. 



Therefore, 



Thus: 



{GMVuf = {VGMuf + {Huf + \H\Vuf 
-2VGmu ■ Hu + 2VGmu ■ XIVu - 2\IVu ■ Hu. 



{GmVuY = (VGmu)^ + {Huf + X^l\Vuf 
-2VG mu ■ Hu + 2G mVu ■ XIVu - 2X^P{yuf. 
Integrating this equation and 

2XIVu ■ Gniyu) = GmUVu^XI) - {Vuf ■ Gm{XI) 
and combining the outcomes with PHI we arrive at the final integral identity: 
Theorem 3.2. 

(12) [ {GMVufdfi- I Q{Vufd^i= I {VGMufd^i- I (GmuY dfi, 

JSM JSM JSM JSM 

where Q := K - X^P - Gm{XI). 

When the Finsler metric is Riemannian (i.e. / = J = 0), the identity (fT^ is exactly 
identity (8) in |7|. 

If Gmu = h[x) + Oxiy), then one can see that the right-hand side of (fT^ is non- 
positive. Indeed, since VGm{u) = V9 we have: 

/ {VGMufdfx-f {GMufdfx= I {V9f dfx- [ 6^ dfx-2 [ h9 dfx- [ d^i. 

JSM J SM JSM JSM JSM JSM 

With a bit of work one can see that the linearity of ^ in w implies: 

iV9fdfi= [ e^dfi, 

SM JSM 



hO djj = 0. 

ISM 

This will follow from Lemma f4.4t which holds in any dimension. 
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3.3. Jacobi equation. For ( G T{SM) write 

d<Pt{0 = x{t)GM + y{t)H + z{t)V, 
where x{t), y{t) and z{t) are smootli functions. Equivalently, 

C = x{t)dct>.t{GM) + y{t)d<f)^t{H) + z{t)d<f).t{V). 
If we differentiate the last equahty with respect to t we obtain: 

= xGm + yH + y[GM, H] + zV + z[Gm, V]. 
Using the bracket relations and regrouping we have: 

= (x - \y)GM + {y-z- \Iy)H +{z + yK + z\I)V, 



hence 



X = Xy; 

y = z + Xly; 

z = —XIz — ILy. 



From these equations we get: 



(13) 



i/ + = 0. 



3.4. Index form. 

Lemma 3.3. 7/0 is Anosov, then for every closed magnetic geodesic 7 : [0,T] M 
and every smooth function 2; : [0,T] ^ M such that z{0) = z{T) and z{0) = z{T) we 



with equality if and only if z = 0. 

Using (fT^ the proof of this lemma is quite similar to the proof of Lemma 3.3 in Y]. 
The proof of the lemma in any dimension is given in Lemma 14.101 A key ingredient 
is the transversality of the weak stable (or unstable) bundle of with respect to the 
vertical distribution, which implies the abscence of conjugate points. 

3.5. End of the proof of Theorem B for surfaces. Set -ip := V{u). The last 
lemma, applied to the function z = ipi^j), yields 



for every closed magnetic geodesic 7. Since the flow is Anosov, the invariant measures 
supported on closed orbits are dense in the space of all invariant measures on SM. 
Therefore, the above yields 



have 




(14) 




7 
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Combining this with the fact that the right hand side of (|T^ is non-positive, we find 
that 

(15) [ {{Gm^)'-Q^'} dfi = 0. 

JSM 

By the non-negative version of the Livsic theorem, proved independently by M. 
Polhcott and R. Sharp and by A. Lopes and P. ThieuUen (see fH^ I21j). we conclude 
from (HH) and that 

[ {(GM^)'-g^'} dt = 

J-y 

for every closed magnetic geodesic 7. Applying again Lemma 13.31 we see that ip 
vanishes on all closed magnetic geodesies. Since the latter are dense in SM, the 
function ip vanishes on all of SM, as required. 

4. Proof of Theorem B 

4.1. Differential identities of Finsler geometry. Henceforth M is a closed n- 
dimensional manifold and F is a Finsler metric on M. 

Let 71 : TM \ {0} M be the natural projection, and let p^M := 7i*t^M denote 
the bundle of semibasic tensors of degree (r, s), where rJM is the bundle of tensors of 
degree (r, s) over M. Sections of the bundles are called semibasic tensor fields 
and the space of all smooth sections is denoted by C°°(/5JM). For such a field T, the 
coordinate representation 

holds in the domain of a standard local coordinate system (a;*,|/*) on TM \ {0} 
associated with a local coordinate system (x*) in M. Under a change of a local 
coordinate system, the components of a semibasic tensor field are transformed by the 
same formula as those of an ordinary tensor field on M. 

Every "ordinary" tensor field on M defines a semibasic tensor field by the rule 
T \—>- T o 71 , so that the space of tensor fields on M can be treated as embedded in 
the space of semibasic tensor fields. 

Let (gij) be the fundamental tensor, 

1 

gij{x,y) = - [F\yj{x,y), 
and let ((/*■') be the contravariant fundamental tensor, 

(16) 9^kg'' = 51 

In the usual way, the fundamental tensor defines the inner product (-, ■) on i3qM, 
and we put [t/p = {U,U). 
Let 

. d _ d 
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be the spray induced by F. Here are the geodesic coefficients [2S (5-7)], 



Let 

T(TM \ {0}) = HTM ® VTM 
be the decomposition of T{TM \ {0}) into horizontal and vertical vectors. Here 

HTM = span (^^j , VTM = span ^ 

with 



and 



_5_ __d__j^j^ 

6x^ dx^ * dyi 



m '''' 



Let 



V : C^{T{TM)) X C°°(7r*TM) ^ C°°(7r*TM) 
be the Chern connection, 

V^U={dU\X) + Wu]{X)]^^, 

where 

are the connection forms. Recall that 
(17) N] = T)^y\ 

Given a function u € C^{TM \ {0}), we put 

6u du 



5x^ ' dy^ 
and, given a semibasic vector field U = (W) G C^{(3^M), put 

We have 

du „„ „ du du 



and 

dU^ dU^ dU 



dX^ fc^y QyP ^ kp , -k Qy 



k ■ 
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In the usual way, we extend these formulas to higher order tensors: 
d ■ d ■ 

jl---js\k Q^k jl-js kqiJ Qyp ji-.-js 



ipim+l---ir \ ^ -pp rpil...ir 

/ ^ kp''- jl...js / J kjm jl---jm-lPjm + l---js 

m=l m=l 



and 



d 

rTitl...lr rTill...lr 

jl...js-k ~ jl-.-js- 



We define the operators 

by 

(V|T)-:-, = V|.T-:t := T-;;.;:,, 

and 

/Vy T^\il---«r Y7 rpi\...ir rpii...ir 

l^ -f Jji...i,fc - ^-fc^ji-.i. - -^ji...js-k- 

For convenience, we also define V' and V' by 

In the case of Riemannian manifolds, the above operators were denoted in [201 122] 

h V 

by V and V respectively. 

Given a function u G C°°{TM \ {0}), note that Vu = if and only if u does not 
depend on y. 

Equivalently, the above can be described as follows. In a natural way, the con- 
nection V on (3qM = n*TM defines a connection on the dual bundle jS^ = 7i*T*M, 
as well as connections on the tensor product bundles for all r and s. Then for 

T G C°°(/3JM) we have 

This shows also that V| and V. are compatible with tensor products and contrac- 
tions. 

Note that 

9ij-k = '^Cijk, g.l = ~2(7 g-' Clmki 

where ^ 

Cijk ~ ^[-^ ]y''y^y'' 

is the Cartan tensor of F. 

Also, note that the fundamental tensor is parallel with respect to V|: 

(18) 9mk = 4 = 0- 

Indeed, using (5.29) of [5^, we see that 

dgij p g dgij _ -pp _ -pp _ r,^ ^jp _ r,pp _ ^ 
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while the second identity is obtained by differentiating |TB|). 
By 1211 Lemma 5.2.1] 

Fik = 0. 

On the other hand, for (x, y) G SM 

(19) F.k = Vk = QkjV^ . 
Indeed, using homogeneity we have 

However, F = 1 on SM, which gives (fT^ . 

A straightforward computation shows also that 

y\k = 0, y'k = 5]- 

Let P denote the Chern curvature tensor and R denote the Riemann curvature 
tensor (see [51, (8.12), (8.13)]): 

dV), dV)^ dV\^ dV\i 
~ dx^ dx^ dy"^ dy^ ~^^ji^mk ^jk^mh 

and put (see [211 p. 127]) 

pi — pi 
^kl — y ^jkU 

pi — , J pi 
^kl — y ^jkl- 

Note that 

Rk = Rkd 

corresponds to the Riemann curvature operator 
while 

(20) y'P^i = 0. 
Lemma 4.1. If u e C°°{TM \ {0}), then 

(21) M.^.fc - M.fc.i = 0, 

(22) u\i.k - u.k\i = PlkU-i, 

(23) u\i\k - u\k\i = R\kU-i- 

Proof. (j2H) is trivial. 

Next, 
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whereas 



Taking the difference, we come to 
Further, 



dx^ fc-y Qy^n J yg^l Qy^ J kl y^^m mjy Qy. 



dx^dx^ dy'^dx^ dx'^ dy'- dx^dy^ 

Using (fTTj) . rearranging, and appropriately renaming indices, we obtain 



Saj'^Sx' ^'^ dy'^dx^ ^''dx^dy' ' ^ ' ^ ' ' dy'^dy' ^ dx"" 



j\jm -pm-pi -pm-pt 1 

g^k dy^ ^ kj^ Im ^ kl^ mj j y Qyi' 

Alternating with respect to k and /, we come to (j23j) . □ 

4.2. Integral identities of Finsler geometry. We will derive the Gauss-Ostrogradskii 
formulas for vertical and horizontal divergences like those for Riemannian manifolds 
in [221 Section 3.6]. We proceed along the lines of [22] • 

Given a vector field U = G C°°(/3oM), the vertical divergence and the hori- 
zontal divergence are defined by 

diY U = Ui div U = Ufi. 

Let 

I{U) = g'^Q.kU^ 
be the mean Cartan torsion [^ p. 108], and let 

J([/) = g''L;,,,U^ 

be the mean Landsberg curvature [211 P- 116]). Here L is the Landsberg tensor, 
related to the Chern curvature tensor as follows [211 (8.27)]: 

(24) Lijk = —gimPjk- 

Let 

dV^2n _ det(^ij) dxK.. dx^'dy^ ...dy"" 
be the Liouville volume form on TM \ {0}. 
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Consider the following set of local forms on TM \ {0} 
Uk = g [(-1)''"^ dx^ A--- Adx^ A--- Adx"" Ady 

n 

+ dxAdy^ A--- Adtyl A--- A rfy"] , 

i=i 

where g = det{gij), dx = dx^ A ■ ■ ■ A dx^, dy = dy^ A ■ ■ ■ A dy"', and the symbol ^ over 
a factor means that this factor is omitted. 

Lemma 4.2. Given a semibasic vector field U = {U^), the set of local forms U^Uk 

defines a global differential form on TM \ {0}. Similarly, the set of local forms U^uJk 
defines a global differential form on TM \ {0}. Moreover, 



2n 



(25) d{U^Uk) = (div U + 2I(f/)) dV 



(26) d{U''uJk) = (div U - J{U)) dV^"". 

Proof. 



dZk = ^dxAdy = g^^^g dx A dy = 2g'^a,k dV^\ 
oy'^ oy" 



Therefore, 



d{U^Uk) = -g^g dxAdy + 2U^g'^C,,j, dV^\ 



which coincides with fl25|) . 
Next, 



d^'^ = ^kd^^dy- + g^-^y' + gVi^ dx A dy 

f''^-^'^'f^n^y'-'^^y'-n)j9dxAdy 

= {^3''^ - 2g'-C,^,Ni - Ti^ + Pl)i dV- = {Ti^ + P^) dV 
Here we have used the equality PH (5.29)] 
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Consequently, 

dW^t) = g^g dxAdy- -g-gT'J dxAdy + [/'(Fi^ + Pl^) dV" 



which coincides with ()26p in view of ()24|) and the symmetry of the Landsberg tensor. 

□ 

Let SM = {{x,y) G TM \ F{y) = 1} be the unit sphere bundle. The restriction of 
the form y^Uk to SM gives rise to the Liouville measure dfi of SM. 

Theorem 4.3. Let U G C°°(/9qM) he a semibasic vector field positively homogeneous 
of degree X in y. Then the following Gauss-Ostrogradskii formulas hold: 

(27) f div U dfi = [ {{X + n-l){U,y) -2l{U))dfi, 

JSM JSM 

(28) / div Udfx= I J(f/) rf/i. 

JsM JSM 

These formulas follow easily from (j25|) - (j26|) by integration. 

Lemma 4.4. (1) Let ip € C°°{TM) be a function which depends linearly on y. 
Then 



ip djj = 0. 

'SM 

(2) Let G C°°{TM \ {0}) be such that = ip^F + ip, where (fo is independent of 
y while ip depends linearly on y. Then 



|V0rc//i= / {ifi^ + nip^) djj,. 

SM JSM 

Proof. To prove (1) let ip = '^ty^, where is a covector field on M. Put [/* = g^^'^ j 
and apply (f27jl to get 



(n-1) / iljdn={n-l) {U,y)dfi= / {div U + 21{U)) dfi. 

JSM JSM JSM 

Now, 

divf/ = (g'^^j)., = g'l^I^j+g'^^,.. = -2/(7^™G™$, = -2I(f/), 
which implies (1). 

To prove (2) note that since V.0 = ipoV.F + V.-^, we have 

I V.0|2 = ^l\VF\^ + 2^o(V.F, V.tP) + I V^p. 

Next, 

|V^|2 = g'^ij.,ij.^ = i^Pg'^ij.,)., - ijg%, - t/jg^^ij.,., 
= div(^V^/') + 2I(7/;VV), 

because ip-i-j = 0. 
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Thus, on SM we get 

I V0p = ^l + 2ipoij + div i^V^) + 2I(V^VV^). 
Integrating and using (jTTj) . we receive 

|2j,. / /,„2 



|V0| dfi= {(Pq + 2(PoiIj + mlj{V^lj,y))dn= / {(Pq + 2(poijj + mp ) dn. 

SM J SM J SM 

Since by (1) 

/ (^0^ (i/i = 

the proof of (2) is complete. 



□ 

4.3. Identities for the magnetic flow. Let 

{dx\ Sy^ = dy^ + Nl dx''} 

be a local basis for T*{TM\{0}) dual to the local basis ^^j for T{TM\{0}). 

The Legendre transform ip '■ TM \ {0} T*M \ {0} associated with the Lagrangian 
is a diffeomorphism and tuo := i*p{—d\) defines a symplectic form on TM \ {0}, 
where A is the Liouville 1-form on T*M. In local coordinates {x,y), ip is simply the 
map 

(y^) ^ (%■)• 

The canonical 1-form is A = yidx'^ and i*pX = gijy^dx^. From this, a calculation shows 
that 

uq = Qijdx^ A 5?/"'. 
Let H : TM \ {0} ^ M be defined by 

H = -F\ 
2 

The Hamiltonian flow of H with respect to ujq gives rise to the geodesic flow of the 
Finsler manifold (M, F). 

Let f2 be a closed 2-form on M and consider the new symplectic form uj deflned as 

The Hamiltonian flow of H with respect to ujQ+Ti*VL gives rise to a flow (pt : TM\{0} — > 
TM \ {0}, called magnetic flow or twisted geodesic flow. 

The form f2, regarded as an antisymmetric tensor fleld {^ij) G C°°(r2M), gives rise 
to a corresponding semibasic tensor fleld. We deflne the Lorentz force Y G C°°{f3lM) 
by 

(29) Y;{x,y) = n,k{x)g'''{x,y). 

We also deflne 

Y{u) = (y;w). 
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Note that Y is skew symmetric with respect to g: 

{YiU),V) = -{U,YiV)). 

Let Gm be the generator of the magnetic flow. Straightforward calculations show 
that 

(30) GMix.y) = y'^ + y'Y/^. 

It is easily seen that every integral curve of Gm is a curve of the form t i— * 7(t) G 
TM which satisfies the equation 

where the covariant derivative D is the one determined by the Chern connection. 
Alternatively we could write: 

m + T),mWim\t) = YjmWit). 

A curve 7, satisfying this equation, is referred to as a magnetic geodesic. 
If M G C^iTM \ {0}), then by ^ 

Gmu{x, y) = + y^'^^ = y\u\i + Y^ j)- 

Since the Hamiltonian flow (pt preserves the level sets of if, the magnetic flow 
preserves SM and the vector field Gm is tangent to SM. 
Suppose that for a smooth function u : SM — > M we have 

Gmu = f. 

Extend m to a positively homogeneous function (of degree 0) on TM \ {0}, denoting 
the extension by u again. 
For (x, y) G TM, define 

Xn = y^(n|, + FF/M.,). 

Then on TM \ {0} we have 

Xm = 0, 

where is the positively homogeneous extension of (f to TM \ {0} of degree 1. 
Given T = (I]^^-;;;:) G C^iPlM), put 

rpi-i...ir _ rpil...ir i Tp-Yi'-ph-.-ir 

jl...js:k ~ -"-ji-.-jslk ' ^ k -'■ ji...jsj- 

Straightforward calculations show that for (x, y) G SM 

(31) Qij-k = '^Y^Cijs, 

9:k ~ '^^k9 9 ^Imsi 

y.k — ^k- 

It is also useful to note that differentiating yields 

(32) 17, = -2Ypg''Cimk = g^Qsk- 



Lemma 4.5. If u e C°°(TM\{0}), then for {x,y) G SM we have 

(33) u.j.k - u.kd = PlkU-i, 

(34) U.,i:k - u-.kd = R\kU-h 

with 

Pik = pik + Yivk + Yi,, 

^Ik — ^Ik "T \'^l\k ^k\l) y^lm'^k ^km^ I ) 

+ {YiYl^ - Y^Yl^ + y,{Y^Yi - Y^Y^). 

Proof. We have 

U:i-k = {u\i^ FYiu.i).k = u\i.k + F.kYiu.i + FYi\u.i + FYiu.i.k 

whereas 

u-kd = u-k\i + FY^u.k.i. 

Thus, for (x, y) G SM 

Ud-k - u.kd = {u\i.k - u.k\i) + ykYiU.i + yj^fcU.j. 

Using (1221), we come to ((221) ■ 
Further, 

= + FY^Ud-j = {u\i + FYfu.j)\k + FYl{u\i + FF>.,).j 
= + FY^^k^., + Fl^^M.,,, + FYlu\i.j 

+ FY^F,Y,^u.s + F^n^r,^^., + F^y.^F^. 

Thus, for (x, y) G 5M 

+ Yi'{u.,ik - M|fc.,) + - u-jli) + (n'^'i' - Y/Y,:)y,u.s 

+ {YlYC^ - VYlXs + iXlY,^ - Ym)n. 
Using (j22I)5 and renaming indices, we come to (j21I). 
Given U G C°°(/?o^M) and m G C°°{TM \ {0}), define 

m 

div f/ = f/^*i, V-u = {u-') = {g'^u.,j). 
Lemma 4.6. The following holds on SM (The Pestov identity): 

m V 

2{V-u, V(Xm)) = \V-u\^ + X{{V-u, Vu)) - div ((Xm)V m) + div ((Xm)V^m) 
- (Ry(Vu), Vu) + (r(Vn), V^n) 

(35) +2I((X«)V^n) + J((Xm)Vu). 
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Proof. With the above notations, we can write 
Therefore, 

(36) 2(V.(Xu), V-u) - div ((Xm)V^m) = 2g'^ (Xu) .,u.,j - {{'Ku)g'^u.,j).^ 

= g'^{'Xu).^u.,j - {y.u)g^.iu.,j - {'Xu)g'^u.,j.i = 1 -11 - III. 
We rewrite the first term on the right-hand side of ()36p as follows: 
/ = g'\y^u.,k).M..,j = g'\u.,i + y^u.,k.i)u.,j 
= g'^u.,iU.,j + g'^y^{u.i.,k + {u.,k.i - u.i.,k))u.,j 

= iV^Mp + y''{g'^u.iu.,^).,k - y^'g-iu.iu-.j - y^g'^u.iU.,j.,k + g'^y'^Pj^u.^u-.^. 
Note that 

y''{g'^u.,u.,^)..k = Xi{Vu,Vu)), 

that 

g'^y'^P^u.^u., = g'^y'iP^ + Y^y, + Y^^u.^u-, 
= {Y{y),Vu)Xu + y^g'^Ju.mU..j 
where we have used (j^UI) and (jH^ . and that 

y^g'^u.iU.,j.,k = y^g'^u.i{u.,k:j + {u.,j.,k - u.,k:j)) 

= g'^u.^y'" U.J.J - g'^u.iy^jU.,k + y'^g'^u.iRfkU.^ 

= (Vm, V^(Xm)) - {Y{Vu),V-u) + {Ry{Vu),Vu). 

Thus, 

(37) / = I V^m|^ + X((Vm, V-u)) + {Y{Vu), V-u) - {Ry{Vu), Vu). 

+ {Y{y), Vm)Xm - (Vm, V^(Xm)). 

We rewrite the second term on the right-hand side of (j36p as 

(38) // = {'Xu)gy.,j = -2{'Xu)g'^g^"'Ci.miU..j = -2I((Xm)V^m). 
Finally, we rewrite the third term in (|36p as 

/// = {Xu)g'^u.,j.i = {Xu)g'^{u.i.,j + {u,j.i - u.i,j)) 

= {{Xu)g'^u.,).,, - {Xu),,g'^u., - (Xv)g^^u., + {Xu)g'^ P^^u.^. 

Note that 

m 

{Xu)g'^u.i).,j = div((XM)VM), 

that 

{Xu)..,g''u.^ = {Vu,ViXu)), 



and that 

= -J((Xm)Vm) + (Y{y),Vu)y.u+{y.u)gfu.^ 

in view of (jH^ . 
Thus, 

(39) /// = div ((Xm)Vm) - J((Xu)Vu) + Vu)Xu - (Vm, V^(Xm)). 
Inserting (jSI|)-(ISni) in (jSEl), we come to 

Given a semibasic vector field V^, define a new semibasic vector field XV^ by 

It easy to see that if (x, G and 7 is a magnetic geodesic with 7(0) = 
7(0) = then 

XV(x,y) = D^(Vo7)|,=o, 
the covariant derivative of the field K o 7 along 7. 

Lemma 4.7. If u E C°°{TM \ {0}) ^s positively homogeneous, then 

(40) |X(Vm)|2 = |VXm|2 + \Vu\^ - 2(V^M, V(Xm)) + {Y{y), Vuf. 
Proof. We have 

X(m-^) = y\g'^u.j):k = y^g'iu.j + y^g'^{u.,k.j - {u.,k-j - u.j.,k)) 
= y''9:iu-j + 9'Ky^u..k).j - g''u.., - g'^y'^P^u.m. 

By (Uni) and (jSl 

^?^^/P,7«.„ = g^^y'iP,"] + Y^y, + Y^^m 
= {Y{y),Vu)f + y'gTu.m. 

Thus 

X(V n) = V(X?i) - V-u - {Y{y), Vu)y. 
Squaring, we receive 

|X(V m)|2 = iVXup + \V-u\^ + (y(?/), Vuf 

- 2(V(Xm), V^m) - 2{Y{y), V^i)(V(XM), + 2(F(t/), Viz) (V^m, 
= I VXm|2 + \Vu\^ + (r(y), Vm)2 - 2{V-u, V(Xm)) 

- 2(F(?/), V m)Xm + 2{Y{y), Vu)^u 

coming to the sought identity. 

Suppose that we have a kinetic equation on SM 

Gmu = (f. 
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Extending m to a positively homogeneous function on TM\{0}, the extension denoted 
by u again, we have on TM \ {0} 

where is the positively homogeneous extension of (f of degree 1. 
Combining and (jlOI), we get 

m 

|X(Vm) P + X{{V-u, Vn)) - div {{Xu)Vu) 

- {-RyiVu), Vu) + {Y{Vu), Vu) - {Y{y), Vuf 
+ 2I((Xn)V^n) + J((Xn)V u) 

= |V(Xu)p-div((XM)V^u). 

We integrate this identity over SM against the Liouville measure, using the flow 
invariance of the measure and ()27|) : 

(41) / |X(Vm)|2c^^- / dTv((XM)V M)rf/i- / (Rj,(V m), VM)rf/i 

J SM J SM JsM 

+ [ {{Y{Vu),V-u) - {Y{y),V uy + J{{Xu)Vu)] dfi 

JSM ^ ^ 

= [ \\ViXu)\^ - n{Xuf] dfi. 

J SM ^ ' 

Since 

m h 



div u = u^i = + = div [/ + y/ [/.;., 



we have 



m h 

div((XM)VM) = div(XM)VM) + Y^ {{Xu).jg'^u.k + {Xu)g''yu.k + {Xu)g'^u.k.j) 
= div {Xu)V u) + (V(XM),r(VM)), 



because by the symmetry argument 
and 



Y/g'^ = ~2Y^'g''Ci^,g''^ = 



Y^'g'%.k.j = 0. 

Using also (|2H1), we hence have 

[ div{{Xu)Vu)dfi= [ {3{iXu)Vu) + {V{Xu),YiVu))}dfi. 

J SM JSM 

Next, 

(R,(Vtz), Vu) = {Rl, + - l^y - {Pl^Yr - PLYn 

+ iXlYi.^ - Y.'Yl^) + y,{Y,^Yi, - Y:Yi)]y'u'u... 

Now, 

i?i,l/W, = (R,(VM),VM), 
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{Yl^i - Yi^,)y'u^u., = {{V\yY){Vu),Vu) - {V\^,j-u)Y{y), Vu) 

= -(V|(v„)1^(i/),Vm) 

by skew symmetry of Y and parallelism of the fundamental tensor with respect to V|, 

(Pl^^Yr - PLYny'u'u., = Pl^Xry'u'u., = -HYiy), Vu, Vu) 

in view of ^ and (Oil . 

(Y^Yl^ - YiYl^^u^u., = -TYlY[rC.r,y'u''u., + 2F/y;^?-C..,y'«'=«.. = 

by the symmetry of C, and 

y,{Y,^Yl - Y^Yi)y'u^u., = y)(r(V n), V n) - {YiVu),y){Yiy),Vu) 

= {Y{y),Vuf 

again by the skew symmetry of Y . 

Now, ()4H1 takes the form of equation (P) in the Introduction. That is, we have 
proved: 

Theorem 4.8. 

(42) / {\X{Vu)\^ - {ny{Vu),Vu) - L{Y{y),Vu,Vu) - (V(Xm), F(Vm)) 

J SM 

- 2{Y{y), Vuf + {V-u, Y{Vu)) + (V|(v«)r(y), V u)]d^^ 

= [ {\ViXu)\^ -n(Xuf}dfi. 

JSM 

Remark 4.9. The identity (021) is exactly identity ^ when n = 2. If G C°°{TM\ 
{0}) is homogeneous of degree 1 and = 2, then chasing definitions we have: 

Thus the right hand side of ()42|) becomes 
/ {|V(XM)p-2(Xu)'}ci/i= / {{GMuf + {VGMuf}d^l-2 f {GMufdfx 

JSM JSM JSM 

which is exactly the right hand side of (jl2p . We leave to the keen reader the task 
of fully verifying that the left hand sides also coincide. When the Finsler metric is 
Riemannian (i.e. / = J = 0) and n = 2 it is quite easy to check that (for points in 
SM): 

\X{Vu)\^ = (GmVu)^ + X^Vu)^ 
{Ry{Vu),Vu) = {Vu)^K, 
{V{Xu),Y{Vu)) = -XGmu ■ Vu, 
{Y{y),Vu) = \Vu, 
{V-u, Y{Vu)) = -XGmu ■ Vu 
{V\^^.u)Y{y),Vu) = {Vu)'H{X). 
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Inserting these relations into the left hand side of (p2|) we see that we get exactly the 
left hand side of (IT^ . 



4.4. Jacobi equation. Let us derive a Jacobi equation. The calculations below 
mimic those in the proof of fI^ Lemma 6.1.1]. 

Let (pt ■■ TM \ {0} TM \ {0} be the magnetic flow. Take a curve Z : {-e, e) ^ 
TM \ {0} with Z{0) = V and Z'{0) = ^, and consider the variation H{s,t) = 
7i{<Pt{Z{s))). Set 

T = — U = — 

dt ' ds 

Each Cs(t) = H{s,t) is a magnetic geodesic; therefore, 



dt^ ^ \dt)~ Adt) dt' 



or 



(43) 



"dT 



+ 2G\T) = YHT)T 



Since 



dT' 



d rdH' 



( 



d /dH' 



ds ds\ dt J dt\ ds 
differentiating (jlHjl with respect to s yields 



dip 
'dT' 



-2U' 



.d& 
dx^ 
dYI 



(T) 



^ dU^ dG' 

dt dy'- 



(T) 



ajTl f^yi . f)TTj 



dx'^ 



dt dy'- 



dt 



Note that 



d_ 

ds 



[G\T)] 



,,.dG\^, dU^dG\^, 



d_ 

dt 



d& 
dy^ 



(T) 



dx'^ 

d^G' 
dx^dy^ 

d^G' 



dt dy'- 



grpk Q2Qi 



+ 



dt dy'-y 



d^G' 
dy^dy' 



T'q^+{-2G\T) + Y„]{T)T-) 



-(T). 
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Hence, 



dt 
d fdU' 



+ U 



dy' 



dt \ dt ' ^ dy'' 

g2jji gjjl QQ 



(T) 



dt 



dt^ 



+ 



dt dy'' 



d_ 
di 



d&_ 
dy' 



dy' 

dU^dG' ^, 



= -2U 



dG' dU'dG' 



+ 



+ 



dx^ 
dU' dG' 

dt dy' 
dW" dG' 



dt dy' 



+ U 



dt dy^ 
dYj dU' dY^ 



dy'' 
dG^ dG' 
dy' dy^ 
..dW 



d^G' 



H + Y' 

dx^ dt dy') ' dt 

d^G' 



dt dy'' 



U 



dx^dy'- 
idG'' d& 



dy'dy^ 



d& 



dy' dy^ 
d^G' 



dY 



dx^ dxWyk 
dU' dY, 



+ 2G 



d'^G' dG' dG^ 



dx'^ dt dy' ) 



dyhj^ dy^ dy^ 
dip „,,,.„^ d^G' 
'~di 



\ nU-' 
3 j^Yl j^u^YlT"^ 



dy'dy'^ 



Using the identities 



dx'^ dxWyk 



_ dG' dG^ 
dy^y^ dy^ dy^ ' 



dU' 



DtU' - NiU\ 



dYl . dYi . 

j.k - ^3\k + ^^k Qyp ^ kp^j + i kj^p ' 



dx'^ 



d^G' 



QylQyk 3k ^ jk, 

dip 

y{DtU) = Yj-^ + y;tIiT'u\ 

we find that 

DtDt{U) = -nT{U) + Y{DTU) + (V,c/F)(T) + (V.^,c/>^)(T) + L(t/, F(T)), 

which is the Jacobi equation for the magnetic fiow of a Finsler metric. Here L(C/, V) 
is defined by (L([/, V),W) = L{U, V, W). 
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4.5. Index form. Let 7 be a closed unit speed magnetic geodesic. Let A and C be 
the operators on smooth vector fields along 7 defined by 

(44) AiZ) = Z + R^iZ) - Y{Z) - {V\zYm - (V.^y)(7) - L(Z, 1^(7)) 

= Z + C(Z)-(V.^F)(7)-L(Z,r(7)), 

where 

(45) C{Z) := R^(Z) - Y{Z) - {V\zYm. 
If J is a magnetic Jacobi field, then 

(46) A{J) = 0. 

Let A denote the M-vector space of smooth vector fields Z : [0,T] — >■ TM along 7, 
such that Z{0) = Z{T) and 2'(0) = Z{T). Let I denote the quadratic form I : A — M 
defined by 

(47) I(Z, Z) = - f{{A{Z), Z) + (r(7), Zf} dt. 

Jo 

Observe that 

(48) I{Z, Z) = r {\Z\'- {CiZ), Z) - L{Y{^), Z, Z) - (^(7), Z)'] dt. 

Jo 

Indeed, 

X((f/, V)) = y\g,,U'V% = y\g^r.kU'V^ + 9^,U'.kV' + g^,U'Vi) 
= -y'gsjYC^WV^ + (Xf/, V) + {U, XV) 
= -{{\/.uY)iy), V) + (Xf/, V) + {U, Xy), 

where we have used the equality gij± = —gsj^Ci following from and ((221) • 
This implies 

{Z, Z) = D,i{Z, Z)) - |zp + ((v.^r)(7), Z), 

whence (j48p is straightforward. 

Lemma 4.10 (Index Lemma). Suppose the magnetic flow (pt is Anosov and let 7 be 
a closed magnetic geodesic with period T. If Z is orthogonal to 7, then 

I{Z,Z) > 0, 

with equality if and only if Z vanishes. 

Proof. Let E denote the weak stable or unstable subbundle of (pf It is well known 
(cf . ^3 , see j3] for a proof using the asymptotic Maslov index) that the following 
transversality property holds: 

E{v)nKeTd^'K = {0}, 

for every v G SM, where vr : SM — > M is the canonical projection. Consider the 
splitting into horizontal and vertical subbundles described in Subsection 14.11 With 
respect to this splitting the transversality property can be restated as follows: for 
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each V G SM, there exists a map : T^^i^^^M T^(^y)M so that its graph is E{v); 
moreover the correspondence f — > 5*^ is continuous. 

If ^ G E{v), then J^(t) = c/vr o d(j)t{C,) satisfies the Jacobi equation pHjl . Since for 
all t G M, 

is an isomorphism, there exists a basis {^i, . . . , of -^(f ) such that { J^^ (t), . . . , Jg„(t)} 
is a basis of T^(t)M for all t G R. Without loss of generality we may assume that 
^1 = {v,S{v)) and J^^ = 7. 

Let us set for brevity Jj = J^-. Then if Z is an element of A we can write 



1=1 



I{Z, Z) = -J2 [ {Aif^J^), f,Jj) dt- [ 
i A Jo Jo 



{Y{i),Z)'dt. 



for some smooth functions /i, . . . , and thus, 
(49) ^ 

An easy computation shows that 
Indeed, 

Y{D^{f,J,)) = f,Y{J,) + f,Y{j,), 
(V|/,j,y)(7) = /.(V|j,F)(7), 
(V.D,(/,j.)>^)(7) = /.(V.j,F)(7) + /.(V.J y)(7), 

L(/,j„r(7)) = /.L(j„r(7)). 

Since J, satisfies equation (jlUj) . it follows that A{Ji) = and hence 

{A{f,Ji), J,) = MJ„ J,) + 2/,( j„ J,) - /,(F(J,), J,) - /,((V.j,r)(7), J,). 
Observe that since is a Lagrangian subspace, 

(j„ j,)-(j„j,) + (r(j,),j,) = o, 

and then 

d 



{Aif,J,),J,) = -iMJ,,J,)). 



Now we can write 



(^(/iJi), Jj) dt = {fiJi, fjjj) 
Combining the last equality with ()49|) we obtain 

1{Z,Z)= rft-(5^/,J,,Z) -/ 

^0 \ / ^0 



{fiJi, fjJj) dt. 



{Y{i),Zfdt. 
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But Z{0) = Z(T) and Z = Y^^^^i fiJi + Z]r=i fi-^i^ therefore 



fiJi, Z 



i=l 



i=l 



Note that Jj(t) = S^/U)Ji(t), hence 



i=l 



J=l 



which imphes 

Then 
(50) 

Now let 



i=l 



T 



S{Z),Z 



1{V,V)= r Y.hJ, dt- [\Y{^),Z)'dt. 
Jo Jo 



W■.= J2f^J^■ 

i=2 

Since Ji = 7 we have: 

n n \ 

Yl f^J^^ H f^j) = + w, A7 + W) = fl + 2/1(7, W) + {W, W). 



i=l i=l ' 

Differentiating (2', 7) = we get 

(Z,7) + (^,r(7))=0. 

But 



(Z,7) = (5^/.J.,7)=/i + (W^,7) 



since {Ji,'y) =0 for all i. Therefore 

(F(7), Z)' = fl + 2A(iy, 7) + (IV, 7)'. 

Thus 

In n \ 

\ 1=1 i=i I 

If we let W-^ be the orthogonal projection of W to 7-*-, the last equation and 
give: 



1{Z,Z) 



\WH?dt > 
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with equality if and only if W-^ vanishes identically. But if W-^ vanishes, then 

n 
i=2 

which implies that the functions are constant for i > 2. Thus Z is of the form 
/i7 + J where J is a magnetic Jacobi field. If we let J"*" be the orthogonal projection 
of J to 7-*-, then Z = J^. Now write 

J = X7 + J-^ 

A simple calculation shows that A{x'y) = D^{x'y) with x = {J,Y{j)) = (J-'-,F(7)). 
Hence 

= A{J) = A{J^) + D, {{J^,Ym^) . 

The fact that J"*" satisfies this second order differential equation together with J'^{0) = 
J-'"(0) and J-^{T) = J-^{T) implies that J"*" is periodic with period T. Hence x is also 
a periodic function of period T which implies that || J|| grows at most linearly with t. 
However, since the closed orbits of (pt are hyperbolic the only Jacobi fields with that 
type of growth are those given by constant multiples of 7. Since Z is orthogonal to 
7, Z must vanish. □ 

4.6. End of the proof of Theorem B. Define 

CiV) = RyiV) - Y{XV) - (V,vr)(|/). 

Then the following holds: 

(C(V m), Vu) = {KyiVu), Vu) + (X(V m), Y{Vu)) - ((V|(v«)r)(l/), Vu) 
= (R,(V n), Vu) + (V(Xn) - V^n - {Y{y), Vu)y, Y{Vu)) 

-((V(v„)r)(y),Vn) 
= (Ry(VM), Vm) + (V(XM),r(VM)) - {V-u,Y{\/u)) 

+ (r(y),Vw)2-((V|(v.„)r)(i/),Vw). 

Suppose Ga/M = h o tt + 6. From (j42|) and Lemma [4.41 we infer that 

(51) / {\X\/u\^-{C{Vu),Vu)-L(Y{y),Vu,\/u)-{Y{y),Vu)^}dfx<0. 

JsM 

Given a closed unit-speed magnetic geodesic 7 : [0, T] ^ M consider the smooth 
vector field Z : [0, T] TM along 7 given by Z := V m(7,7). Note that Z is 
orthogonal to 7 because u is homogeneous of degree zero. 

The Index Lemma f4.1UI tells us that 

(52) / {\Z\^-{CiZ),Z)-L{Y{^),Z,Z)-{Y{^),Z)^]dt>Q 
Jo 

for every closed magnetic geodesic 7. 
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Since the flow is Anosov, the invariant measures supported on closed orbits are 
dense in the space of all invariant measures on SM. Therefore, the above yields 

/ {|XV n|2- (C(Vm),V m) -L(r(y),VM,V n) - V m)^} d/i > 0. 

J SM 

Combining this ()51|). we find that 

(53) / {|XVM|2-(C(VM),VM)-L(F(?/),VM,VM)-(r(y),VM)2}c/^ = 0. 

J SM 

By the non-negative version of the Livsic theorem, proved independently by M. 
Pollicott and R. Sharp and by A. Lopes and P. ThieuUen (see [13^.21]), we conclude 
from ^ and ^ that 

f { |Zp - (C(Z), Z) - L{Y{^), Z, Z) - (F(7), Z)'] dt = 

for every closed magnetic geodesic 7. Applying again the Index Lemma f4. 101 we see 
that Vu vanishes on all closed magnetic geodesies. Since the latter are dense in SM, 
the function V'u vanishes on all of SM. This means that u = /ovr where / is a smooth 
function on M. But in this case, since dn(^x^y){GM) = v we have Gm(m) = df^iv) and 
Theorem B follows. 

5. Proof of Theorem C 
Suppose the magnetic flow cj) of the pair (F, Q) has an Anosov splitting 

of class and suppose also that VL is exact. Let r denote the one- form that vanishes 
on © E'^ and takes the value one on the vector field Gm- If the splitting is of 
class then r is also of class and dr is a continuous 2-form invariant under the 
magnetic flow. U. Hamenstadt showed in ^T], for the geodesic flow case, that any 
continuous invariant exact 2-form must be a constant multiple of the symplectic form 
provided that the splitting is of class . Hamenstadt's proof carries over to the case 
of magnetic flows without major changes, provided that Vt is an exact form dO (see the 
appendix of ^1). Recall from the introduction that the symplectic form on TM\ {0} 
is given by ujq + 7r*fi, where c^o = ^*F{~dX) [ip is the Legendre transform of F^/2 and 
A is the Liouville 1-form of T*M). It follows that there exists a constant c such that: 

dr = c{ujq + TT*Q), 

and thus 

d{T + ctpX - C7i*9) = 0. 

Let us write 

(p := T + ci*pX — €71*6. 

Then (f is a smooth closed 1-form. Since on SM i*pX{GM) = 1^ we obtain 

(54) ^{Gm){x,v) = l + c-ce,{v). 
■'Using the expressions in Subsection 14.31 we see that £pX{Gm) — 9ijV^y'' ■ 
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It is well known that the map vr* : H^{M,W) //-"^(SM, M) is an isomorphism 
(provided that M is not diffeomorphic to a 2-torus). Therefore there exist a closed 
smooth 1-form 5 in M and a smooth function u : SM — > M such that 

ip = 7c*6 + du. 

Hence equation (j54j) gives: 

(55) GM{u) + S^{v) = l + c-ce^{v). 

Integrating the last equality with respect to the (normalized) Liouville measure fi and 
using that the magnetic flow leaves /i invariant we have 



By Lemma [4.41 



= l + c — c/ 9d^ — I 5 dfx. 

'sM J SM 



9dfi = / 5dfx = 

SM JsM 



and thus c = — 1. Replacing in ()55|) we finally obtain 
(56) S,{v) + GMiu){x,v) = 9,iv). 

We can now apply Theorem B to conclude that 6' is a closed form, i.e., Q vanishes 
identically."^ 
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